Existence and stability results for a class of nonlinear functional differential equations which contains the generalised pantograph equation as a special case are obtained. ᮊ
INTRODUCTION
In this paper, we study certain nonlinear functional differential equations with variable lags. We assume that the lags vanish at the origin which, for example, is the case for the pantograph equation introduced in w x 9 . A neutral differential equation of the form uЈ t s Au t q Bu pt q CuЈ pt Ž .
Ž . Ž . Ž . where F: 0, ϱ = ‫ރ‬ = ‫ރ‬ = ‫ރ‬ ª ‫ރ‬ satisfies a Lipschitz condition w . w . Ž . and p: 0, ϱ ª 0, ϱ is a continuous function with p t F t, is analysed in w x w x 7 . In 6 the pantograph integro-differential equation 1 Ž . Ž .
0
Ž . w x is studied. In 4 , , : 0, 1 ª ‫ރ‬ are functions of bounded variation and the integrals are understood in the Riemann᎐Steiltjes sense.
Ž . The existence of monotonic and oscillatory solutions of 1 is investiw x gated in 8 . 
m m
where F: t , t = ‫ޒ‬ ª ‫ޒ‬ is a continuous function satisfying certain 0 1 w x growth conditions, is obtained in 11 .
The following initial value problems constitute the subject matter of the present paper:
I. Here f : 0, ϱ = ‫ރ‬ ª ‫ރ‬ is continuous function such that
uЈ t s F t, u t
Theorem 3.3 of the present paper is a continuation theorem for Problem Ž . 6 under the hypothesis that F has linear growth in all the variables other Ž . than t. Theorem 4.1 gives sufficient conditions for solutions of 7 to be w x Ž . bounded. As in 5, 7 , a nonautonomous version of Problem 2 is analysed Ž . by transforming it into Problem 7 , under certain restrictions on the C 's. j Theorem 4.1 of the present paper includes many cases to which Theorem 5 w x w x of 7 and Lemma 3 of 5 are not applicable. Theorem 4.8 is a stability Ž . result for the perturbed linear problem 8 . In Theorem 4.9 we give a Ž . sufficient condition for the uniform boundedness of solutions of 6 in the absence of neutral terms.
NOTATIONS AND PRELIMINARIES
The symbol ‫ޒ‬ q denotes the set of all nonnegative real numbers. We Ž . denote the set of all complex numbers by ‫.ރ‬ ᑬ z denotes the real part of a complex number z. For any two vectors x, y g ‫ރ‬ N , we define the ² : innerproduct x, y as ² : x, y sz w q z w q иии qz w , 
. The set of all m = m matrices with complex We shall employ the following definition of the ball measure of noncomw x pactness as in 2 . Ž .
DEFINITION 2.2. Let X be a Banach space and let B B be a subset of X. w . Further, let k g 0, 1 be given. A continuous map ‫:ކ‬ B B ª X is said to be a k-ball contraction, provided that for every subset A A of B B the following holds:
Below, we state a proposition without proof. The proof follows from w x Lemma 3.1 of 10 with some minor modifications. We need the following Leray᎐Schauder theorem to obtain a local existence result for Problem I. 
Then ‫ކ‬ has a fixed point in D. w x For a proof of the above theorem, refer to 2 .
A CONTINUATION THEOREM FOR NEUTRAL EQUATIONS
In this section we prove a continuation theorem for Problem I. In other words, we show that under certain hypotheses, Problem I is solvable locally and that a local solution u can be continued either to the whole of interval w . 0, ϱ or if a solution cannot be continued beyond a certain T -ϱ, then
The following theorem will be used to show that
Problem I is solvable locally.
ª ‫ރ‬ m is a continuous function satisfying the following hypotheses:
Further, suppose that the inequality
0 has at least one solution.
Proof. Clearly u is a solution of the problem
Ž . 
Ž .
H ž / 
i.e.,
Ž . Now, applying the inequality g , 
Denote the quantity on the RHS of the above inequality by M* and define
Ž . Using the fact that T F 1 and condition e , it is easy to show that V V , w x Next, we state a lemma which follows from Theorem 1 of 3 and which, combined with Theorem 3.1, yields a continuation theorem for Problem I. 
Assume In the following theorems, we consider the linear system, ϱ ª 0, ϱ , i s 1, 2, . . . , N , is given by ᑬ u и , uЈ и , we have the inequality 
Ž . Then condition k holds. Clearly, condition m is weaker than demanding that
Ž . Example 4.10 of the present paper illustrates this point. Therefore, Theorem 4.1 of the present paper covers a large number of cases to which w x Theorem 5 of 7 is not applicable.
The following theorem for nonhomogenous equations is interesting in its own right, and it is also useful in obtaining stability results for the Ž . perturbed linear system 8 . 
Ž . Ž . w . 14 , on every compact interval of 0, ϱ . But this clearly implies that u Ž . satisfies the estimate 15 and, hence, by linearity, uniqueness and stability follow.
Next, we consider the stability of perturbed linear systems. For a proof w x of Theorem 4.7, we make use of an argument employed in 1 . 
